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ASTIGMATIC DIFFERENCE IN REFRACTIVE ERRORS*t

BY

E. J. NAYLOR
Ophthalmic Optics Department, University of Manchester Institute of Science and Technology

NOT infrequently the occasion arises to compare and to report on the refractive errors of a
patient over a period of time. On such occasions it is often convenient to quote only the
change in refraction and, in cases of spherical ametropia, this presents no difficulty. In
cases of compound astigmatism, however, the matter is not so simple and the difficulty is
usually circumvented by taking one half of the cylindrical component, adding it to the
spherical component, and quoting the mean refractive difference between the prescriptions.
This procedure has the virtue of simplicity and may be acceptable where the axes of the
cylinders in the two prescriptions are approximately the same. There are instances, how-
ever, in which the cylinder axes differ considerably-after operation is the obvious
example-and it is of importance to ascertain more precisely the actual difference in the
refractive condition of the eye as revealed by the original and final prescription.

Suppose for example, that the original prescription was +3 5 D sph., -1-5 D cyl.,
axis 40°, and that after extraction of the crystalline lens it was + 16 D sph., -4 D cyl.,
axis 900. If we transpose these prescriptions, it is apparent that the spherical ametropia
has increased by ten dioptres (from +2 to + 12 D) and that the positive astigmatic error
has also increased. The amount of the increase, however, cannot be ascertained by simple
subtraction, since the cylinder axes differ by 500; that is, they are "crossed" obliquely.

It was first pointed out by Stokes (1849) that the resultant of two crossed cylinders can be
determined graphically, as in Fig. 1 (opposite), if the dioptricpowersCland C2 are represented
by the sides of a parallelogram the diagonal of which represents the cylindrical component
CR of the equivalent sphero-cylindrical lens. The spherical component of this equivalent
lens is readily found by resolving the components about a direction perpendicular to C R.
Since meridians of power are under consideration, it is necessary to represent the angle
between the C1 and C2 vectors as 2p, i.e. twice the angle 1B between their axes. Similarly,
the direction of the resultant C R iS given by 2a, or twice the angle between the axis of the
resultant and that of the component Cl. It is necessary to adopt a convention of signs in
order to avoid any ambiguity which might arise in consequence of the change in sign of the
trigonometrical ratios of double angles greater than 90'.
Although elegant, this graphical procedure may become tedious if more than a few cases

are to be dealt with, and it may become more expedient to use established formulae or,
indeed, to consult tables such as those prepared by Emsley and Swaine (1946). Such tables

* Received for publication May 8, 1967.
t Address for reprints: As above (P.O. Box 88, Manchester).
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ASTIGMATIC DIFFERENCE IN REFRACTIVE ERRORS

FIG. I.-Graphical solution for resultant
of two obliquely-crossed cylinders.

are impracticable for the present purpose, since they give the resultant of two known com-
ponents, whereas the effective problem here is to find the second component from a know-
ledge of the first component and of the resultant. That is to say, expressing the problem in
diagrammatic form (Fig. 2), we have to determine the additional, induced, or change in,
refractive error (B) when the original refraction (A) and the final refraction (C) are known.

I Sph S2 Sph. R Sph
cC1 Cyl + CO C(yl= COCtCy FIG. 2.-Difference in refractive error (B)
axis, el axis 6O*P \ axis (Gt.')J between original (A) and final (C) pre-

scriptions.

A B C

Dealing first with the cylindrical elements only, we find that the sphero-cylindrical lens
equivalent to cylindrical lenses C1 axis 00 and CR axis (0 + a)° is given by Q dioptres
sphere, C2 dioptres cylinder, axis (0 + 0)', where

an(

C2 = (C12 + CR2 - 2C1CR cO

Q =I(C1+C2-CR)..

sin 2f = (CR/C2) sin 2ac

s 2 a)*.. .. .. .. .. Equation 1

Equation 2

Equation 3

Having established the power and axis of the induced cylindrical component C2, it
remains to determine the additional spherical error S2 which is given by:

S2 = SR - S$- Q.. Equation 4

The change in refractive error, S2 sph. ^ C2 axis (0 + 0°) necessitates, therefore, a
calculation in four stages given by the above equations, and it is not suggested that such
calculations are worthwhile when the change in either cylinder power or axis is small. They
have proved useful, however, when the-change was not immediately apparent by inspection.
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A series of values of C2 and I covering likely ranges of cylinder power and axis in the first
and final prescriptions has been prepared, therefore, and is given in the appended Table
on page 425. Values of S2 are readily found from Equations 2 and 4 above.
To avoid ambiguity it is necessary to transpose all prescriptions so that the cylinders have

a positive sign, and to measure all angles anti-clockwise, converting where necessary those
greater than 1800 to conventional form. Thus, in the example given, we have Cl = +15
D axis 1300, CR = +4 D axis 180°, and a= 500, which, by interpolation in the Table,
gives C2 = +4 5 D and = 600, so that 0 + fi = 100.

From Equation 2 Q = i (1 50 + 4 50 -4400) = +1 D

and

from Equation 4 S2 = (12 00 - 2 00 - 100) = +9 D

The change in prescription, therefore, is +9 D sph., +4-5 D cyl., axis 100.

This example was chosen deliberately in order to give, at first sight, a somewhat surprising
result: namely, that the spherical ametropia has changed by only 9 dioptres instead of the
"obvious" 10 dioptres, whereas the astigmatism has changed by 45 dioptres, albeit at a
different axis. It may be noted that the approximate method of taking half the cylinder
would have produced an equivalent result as regards change in "average" dioptric power;
that is, a first prescription of (3 50 - 0 75) = 2 75 D sph. and a final prescription of
(16.00 - 2 00) = 14 D sph. is a change of 11 25 D, which is equivalent to (9 + 2 25) D
sph.

It is hoped that the method outlined above may prove a useful aid to those concerned
with assessing accurately the changes in astigmatism as well as in the total refractive error.

I am grateful to Mr. R. Dalgleish of the Department of Ophthalmology, University of Manchester, for
indicating the problem, and to my son, ,J. M. M. Naylor, for his co-operation in compiling the Table.
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